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ABSTRACT
The recently discovered resonant drag instability (RDI) of dust streaming in protoplane-
tary disc is considered as the mode coupling of subsonic gas-dust mixture perturbations. This
mode coupling is coalescence of two modes with nearly equal phase velocities: inertial wave
(IW) having positive energy and a streaming dust wave (SDW) having negative energy as
measured in the frame of gas environment being at rest in vertical hydrostatic equilibrium.
SDW is a trivial mode produced by the bulk streaming of dust, which transports perturbations
of dust density. In this way, settling combined with radial drift of the dust makes possible
coupling of SDW with IW and the onset of the instability. In accordance with the concept of
the mode coupling, RDI growth rate is proportional to the square root of the coupling term
of the dispersion equation, which itself is proportional to mass fraction of dust, f ≪ 1. This
clarifies why RDI growth rate ∝ f1/2. When SDW has positive energy, its resonance with
IW provides an avoided crossing instead of the mode coupling. In the high wavenumber limit
RDI with unbounded growth rate ∝ f1/3 is explained by the triple mode coupling, which is
coupling of SDW with two IW. It coexists with a new quasi-resonant instability accompanied
by bonding of two oppositely propagating low-frequency IW. The mode coupling does not
exist for dust streaming only radially in a disc. In this case RDI is provided by the obscured
mechanism associated with the inertia of solids.
Key words: hydrodynamics — accretion, accretion discs — instabilities — protoplanetary
discs — planet formation
1 INTRODUCTION
Relative motion of gas and dust in protoplanetary discs drives the
generic dynamical instability of gas-dust mixture due to interaction
between two components via aerodynamic drag. Squire & Hopkins
(2018b) recognised that instability arises each time there is syn-
chronization between the streaming dust motion and the wave
of any nature propagating in gas environment. They termed this
type of instability as resonant drag instability (RDI). This gave
a new look at the previously known streaming instability of
Youdin & Goodman (2005), which arises due to the radial drift
of solids in the midplane of protoplanetary disc. Currently, the
streaming instability is a candidate for the solids growth medi-
ator between pairwise sticking of particles and gravitational in-
stability of dust-laden sub-disc via classic Safronov-Goldreich-
Ward mechanism, see Safronov (1972) and Goldreich & Ward
(1973), which ends with formation of planetesimals. This view
on the role of the streaming instability was established in the
work by Youdin & Johansen (2007) and Johansen & Youdin (2007)
who investigated its non-linear regime, and subsequently by
⋆ E-mail: zhuravlev@sai.msu.ru
Johansen et al. (2007) who demonstrated that the resulting dust
overdensities are gravitationally unstable. However, the subsequent
simulations have shown that this scenario is sensitive to dust
fraction: it requires the initial metalicity of disc be a few times
higher than the solar metalicity, otherwise turbulence caused by the
streaming instability leads to stirring rather than clumping of dust,
see e.g. Johansen et al. (2009), Bai & Stone (2010). This constraint
becomes more severe due to limitations for grain size.
Along with the known mechanisms of dust pile-up in long-
living turbulent structures of disc such as zonal flows and anticy-
clonic vortices, for the review see e.g. Chiang & Youdin (2010),
Johansen et al. (2014), Birnstiel et al. (2016), the local amount of
dust in a disc can potentially be enhanced through the new vig-
orous instability found by Squire & Hopkins (2018a) (below SH)
who termed it as settling instability, SI hereafter. Along with the
streaming instability, SI is another manifestation of RDI caused
by sedimentation of dust. It was revealed that, as compared with
the streaming instability, SI growth rate is much higher for small
grains with stopping time shorter than the Keplerian time, because
its maximum value does not depend on grain size. Furthermore,
SI operates at larger length-scales. These and other advantages of
SI make it a promising candidate for essential link in the chain of
c© 2017 The Authors
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physical processes leading to planetesimal formation, see the dis-
cussion in Section 9.2 of SH.
This work is focused on the nature of SI. The Lagrangian
framework is employed to study the dynamics of small perturba-
tions of gas-dust mixture in two-fluid approximation. Such a frame-
work is well developed in application to perturbations in single-
fluid dynamics. In particular, the Lagrangian describing the evo-
lution of perturbations enables to introduce the energy of pertur-
bations from the fundamental symmetry of the system with re-
spect to translations in time. The energy of perturbations is con-
served provided that the background flow is stationary, however,
it is not necessarily a positive definite quantity in a moving fluid.
The existence of negative energy perturbations in the flow is well
established marker of instability. Indeed, any sink of energy in the
system, such as e.g. flux of radiation at infinity or viscous damp-
ing, provides growth of amplitude of negative energy perturba-
tions. Thereby, Friedman & Schutz (1978b) showed that such per-
turbations cause the secular instability of rotating stars with re-
spect to gravitational radiation. The energy functional derived in
terms of the Lagrangian displacement was referred to as the canon-
ical energy, see Friedman & Schutz (1978a). The concept of the
canonical energy has been used in various astrophysical applica-
tions including, for example, stability of relativistic stars, see e.g.
Friedman & Morsink (1998), stability of magnetic stars, see e.g.
Glampedakis & Andersson (2007), dynamic tides in stars, see e.g.
Papaloizou & Ivanov (2010), Ogilvie (2013), and many others.
The physical sense of negative energy perturbations is eas-
ier to grasp noticing that the total mechanical energy of the cor-
responding perturbed flow being itself a positive definite quan-
tity is less than the energy of the background flow. Probably, for
the first time the concept of negative energy in application to
space-charge waves in electron beams was discussed by L.J. Chu
(1951), see the monograph by Briggs (1964) and the book by Pierce
(2006). Kadomtsev et al. (1965) were the first to show the exis-
tence of negative energy electromagnetic waves in plasma, while
the first analysis of such possibility for waves in hydrodynami-
cal flows goes back to works by Landahl (1962) and Benjamin
(1963). A bright exposition on the negative energy waves in con-
text of fluid mechanics and various applications can be found, e.g.,
in the review by Ostrovskii˘ et al. (1986) and the monograph by
Stepanyants & Fabrikant (1989).
One more effect, which provides the growth of amplitude of
negative energy wave is coalescence, also termed as coupling, or
resonant interaction with some other wave having positive energy.
As soon as the former transfers the energy to the latter, the both
waves experience an unbound growth. By the way, an example of
such a coupling of space-charge waves with electromagnetic wave
traveling along a helical coil surrounding an electron beam, which
is described in the book by Pierce (2006) cited above, is quite sim-
ilar to the subject of this work: roughly speaking, it is enough to
replace the electron beam by the streaming of dust, the electromag-
netic wave in helical coil by inertial wave (IW) in gas environment,
the space-charge wave by a streaming dust wave (SDW) and fi-
nally, the spatial growth by the growth over time. A detailed de-
scription of the mode coupling and classification of its variants in
application to the streaming of charged particles through a plasma
can be found in Briggs (1964). As for hydrodynamic applications,
a notable work was done by Cairns (1979) who discovered that the
mode coupling is responsible for a classic Kelvin-Helmholtz insta-
bility. Two waves existing on a jump of fluid density in a uniform
gravitational field acquire energy of different signs and couple with
each other, as soon as the layers of different density are in a relative
motion.
Another example, where the mode coupling is responsible
for hydrodynamical instability, is the well-known Papaloizou-
Pringle instability of uniform angular momentum rotating tori,
see Papaloizou & Pringle (1984), Papaloizou & Pringle (1985),
Papaloizou & Pringle (1987), Kojima (1986), Kojima (1989),
Goldreich et al. (1986) and their citations. An exhaustive explana-
tion of Papaloizou-Pringle instability belongs to Glatzel (1987a)
and Glatzel (1987b). In a simplified two-dimensional model it was
shown that small perturbations grow due to the coupling of surface
gravity modes and sound modes attached to the inner and the outer
boundaries of tori. In the subsequent paper Glatzel (1988) addition-
ally investigated the mode coupling in supersonic plane shear flow.
In this work, the Lagrangian describing the linear dynamics of
modes of two-fluid perturbations is introduced for the general situa-
tion of dust streaming both vertically and radially in protoplanetary
disc. The problem is considered in the terminal velocity approxi-
mation (TVA). It is found that the energy of certain (neutral) mode
of such perturbations akin to SDW can be negative. SDW itself is
a trivial mode, which also can have negative energy and represents
perturbations of dust density transported by the bulk stream of dust
through the unperturbed gas environment in the absence of dust
back reaction on gas. Physically, this is the bulk streaming of dust
that gives rise to a reservoir of negative energy in the form of SDW,
fromwhich IW can draw the unlimited amount of energy. The latter
occurs as soon as the phase velocity of SDW is sufficiently close to
the phase velocity of IW. As the dust back reaction on gas is taken
into account, both modes coalesce with each other giving rise to
the pair of damping and growing coupled modes with strictly equal
phase velocities and the vanished energy, thus, the band of SI ap-
pears. The strength of the mode coupling is determined by the cou-
pling term in the dispersion equation, which is proportional to the
mass fraction of dust in gas-dust mixture. The growth rate of SI
takes maximum value at resonance between IW and SDW, where
IW and SDW acquire equal phase velocities. It is proportional to
the square root of the coupling term and, correspondingly, to the
square root of the dust fraction. At the same time, it does not de-
pend on the size of the particles, see also SH.
The analysis shows that generally, there are various types of
resonances between IW and SDW, also called the mode crossings.
Not all of them result in the mode coupling. If the energy of SDW
is positive, the modes fall into the avoided crossing in the vicinity
of resonance, which provides no SI. That is, the dust back reaction
on gas breaks the dispersion curves describing SDW and IW and
produces two separate branches of neutral modes. At the same time,
there are resonances which exist in the high wavenumber limit. It
turns out that the corresponding mode coupling gives rise to an
unbounded growth rate of SI found by SH. For sufficiently high
dust fraction the unbounded growth rate is proportional to its cube
root, which is explained by the triple coupling of SDW and two
low-frequency IW. In addition, the low-frequency IW bond to each
other due to the dust back reaction on gas and give a quasi-resonant
instability of a new type, which may be as strong as SI when the
dust settling dominates the dust radial drift.
Finally, it is shown that there is no RDI within TVA when
vertical gravity is negligible and dust streams only in the radial
direction. The resonance between SDW and IW existing in this
case provides the avoided crossing rather then the mode cou-
pling. The known streaming instability studied since the work of
Youdin & Goodman (2005) is found beyond TVA. As was shown
by SH, its growth rate is proportional to the square root of the dust
MNRAS 000, 1–?? (2017)
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fraction, thus, it is also RDI. However, this sort of RDI arises with
the account of terms describing the inertia of solids, which are of
the next order in the particle stopping time. The physical mecha-
nism responsible for streaming instability of Youdin & Goodman
(2005), though resonant in nature, has nothing to do with the mode
coupling.
The study starts from general equations for local dynamics of
gas-dust mixture in protoplanetary disc and the subsequent review
of TVA. The main part of the paper is focused on the particular
model of the perturbed gas-dust mixture constructed in TVA for
homogeneous background with dust streaming vertically and radi-
ally in a disc. In the last Section the streaming instability of dust
drifting in radial direction is studied beyond TVA.
2 GENERAL EQUATIONS FOR LOCAL DYNAMICS OF
GAS-DUST MIXTURE IN A DISC
In order to consider a small patch inside protoplanetary disc, the
local Cartesian coordinates x, y, z are introduced to represent, re-
spectively, radial r, azimuthal ϕ and vertical z directions. The ra-
dial distance is measured ourwards with respect to the host star,
while the vertical one is collinear with disc rotation axis. The centre
of a reference frame is located at some point r0, ϕ0, z0 > 0 above
the disc midplane rotating with angular velocity Ω0 around the host
star. Accordingly, there are x ≡ r − r0, y ≡ r0(ϕ − ϕ0), z →
(z − z0) and it is assumed below that {x, y, z} ≪ h≪ r0, where
h is the disc scaleheight. This corresponds to the small shearing
box approximation, see Goldreich & Lynden-Bell (1965) and the
Appendix A of Umurhan & Regev (2004) for detailed derivation
of fluid equations. In this work the same approximation is used to
address the two-fluid dynamics of gas-dust mixture. Both gas and
dust are considered as fluids with velocities, respectively, Ug and
Up measured with respect to some reference velocityU0. The lat-
ter describes the stationary circular shear motion of a single fluid in
the gravitational field of the host star,
U0 = −qΩ0x ey, (1)
obeying the following radial and vertical balance
1
ρg
∂p0
∂x
= −∂Φ
∂x
+ Ω20(r0 + x) + 2Ω0U0, (2)
1
ρg
∂p0
∂z
= −∂Φ
∂z
, (3)
where Φ is the Newtonian point-mass gravitational potential, p0
and ρg are pressure and density of the fluid, which can be obtained
given the equation of state. In eq. (1) the shear rate q is assumed
to be constant normally close to the Keplerian value q = 3/2
in protoplanetary discs. It can be shown, see the Appendix A of
Umurhan & Regev (2004), that in the small shearing box approxi-
mation the Euler equation for gas reads
(∂t − qΩ0x∂y)Ug − 2Ω0Ug,yex + (2− q)Ω0Ug,xey+
(Ug∇)Ug = −∇p
ρg
+
ρp
ρg
V
ts
,
(4)
where Ug,x and Ug,y are, respectively, x- and y-projections ofUg ,
ex and ey are, respectively, x- and y-orts, while p introduces addi-
tion to pressure, p0, caused by the influence of dust. The last term
in eq. (4) originates from aerodynamic drag of dust particles mov-
ing through the gas with the relative velocity V ≡ Up −Ug and
mass density ρp. The dust particles stopping time ts = const is a
convenient quantity to parametrise aerodynamic drag, see Whipple
(1972). On the scale much shorter than h the low-frequency dynam-
ics of gas is vortical, thus, eq. (4) is accompanied by the condition
of the divergence-free motion
∇ ·Ug = 0. (5)
Note that in the case of ρp = 0 equations (4-5) follow from equa-
tions (A.28a-d) of Umurhan & Regev (2004) for unstratified fluid,
i.e. provided that their ρ′=0.
Similarly, the local dynamics of the pressureless fluid, which
mimics the solids suspended in gas environment, is described by
the following equation
(∂t − qΩ0x∂y)Up − 2Ω0Up,yex + (2− q)Ω0Up,xey+
(Up∇)Up = ∇p0
ρg
− V
ts
,
(6)
where Up,x and Up,y are, respectively, x- and y-projections ofUp.
The continuity equation for dust reads
(∂t − qΩ0x∂y)ρp +∇(ρpUp) = 0. (7)
Again, eqs. (6-7) follow from equations (A.15-A.18) of
Umurhan & Regev (2004) provided that their P = 0, ρ → ρp
and aerodynamic friction is added in its right-hand side (RHS). As
it should be according to the Newton’s third law, the aerodynamic
drag of dust acting on gas of unit volume equals to the aerodynamic
friction of gas acting on dust of unit volume taken with the opposite
sign.
In the case when dust is tightly coupled to the gas it is conve-
nient to rewrite equations in terms of the center-of-mass velocity,
see Youdin & Goodman (2005)
U ≡ ρgUg + ρpUp
ρ
, (8)
where ρ ≡ ρg + ρp is the total density of gas-dust mixture.
Since
Ug = U− ρp
ρ
V, (9)
Up = U+
ρg
ρ
V, (10)
one arrives at the new equations
(∂t − qΩ0x∂y)U− 2Ω0Uyex + (2− q)Ω0Uxey + (U∇)U+
ρg
ρ
{(
V∇
(
ρp
ρ
))
V + 2
ρp
ρ
(V∇)V
}
=
∇p0
ρg
− ∇(p+ p0)
ρ
,
(11)
(∂t − qΩ0x∂y)V − 2Ω0Vyex + (2− q)Ω0Vxey+
(U∇)V + (V∇)U+ ρg
ρ
(V∇)
(
ρg
ρ
V
)
−
ρp
ρ
(V∇)
(
ρp
ρ
V
)
=
∇(p+ p0)
ρg
− ρ
ρg
V
ts
,
(12)
∇ ·
(
U− ρp
ρ
V
)
= 0, (13)
(∂t − qΩ0x∂y)ρp +∇(ρU) = 0. (14)
MNRAS 000, 1–?? (2017)
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2.1 Ordering of the terms entering the equations
Let the characteristic time- and length-scales of gas-dust mixture
dynamics be tev and lev , respectively, while the dust mass fraction
f ≡ ρp
ρg
< 1. (15)
Hereafter, the condition (15) implies that gas-dust mixture is not
dominated by dust. If the absolute value of the specific pressure
gradient, which governs the dynamics of gas-dust mixture, is
g ≡
∣∣∣∣∇(p+ p0)ρ
∣∣∣∣ ,
then the restrictions
τ∗ ≡ tsmax{t−1ev ,Ω0} ≪ 1, (16)
λ−1 ≡ gt
2
s
lev
≪ 1, (17)
greatly simplify equations for gas-dust dynamics. More exactly, the
terms in the left-hand side (LHS) of eq. (12) become small com-
pared to the terms in its RHS, while the terms ∼ O(V 2) become
small compared to the rest terms in LHS of eq. (11). This can be
justified as follows.
If the restrictions (16-17) are valid, the specific pressure gra-
dient entering the RHS of eq. (12) is balanced by the leading term
of this equation, which introduces aerodynamic drag. Dividing eq.
(11) and eq. (12) by g one finds that each of these equations con-
sists of the dimensionless terms of various order in the small τ∗ and
λ−1. So, the terms in the RHS of eq. (11) and eq. (12) as well as
the gradient term∼ U2 in the LHS of eq. (11) are of the zero order
in both τ∗ and λ
−1. The inertial terms ∼ U in the LHS of eq. (11)
differ from unity by factor τ∗/
√
λ−1. Next, the inertial terms ∼ V
in the LHS of eq. (12) are of the order of τ∗, whereas the gradient
terms∼ UV in the LHS of eq. (12) and the gradient terms∼ V 2 in
the both of these equations are, respectively, of the order of
√
λ−1
and λ−1. Additionally, the following order-of-magnitude relations
are valid
V ∼ gts, U ∼ gts√
λ−1
,
so that
V/U ∼
√
λ−1.
In order to study the instability of cooperative settling and
radial drift of the dust in Section 3, all terms of the orders of
τ∗,
√
λ−1 and λ−1 in eqs. (11) and (12) are omitted, which cor-
responds to what is referred to as TVA, see Youdin & Goodman
(2005). Physically, this means that the inertial forces acting on
solids in the frame comoving with gas are small compared to drag
force and effective gravity force measured in this frame. Note that
the latter equals to the pressure gradient. As eqs. (16) and (17) im-
ply, TVA is the case of sufficiently small solids with stopping time
much shorter than the dynamical time-scale of the problem, as well
as for length-scales of gas-dust mixture dynamics much longer than
the solids stopping length ∼ gt2s.
Later on, in Section 4 the full set of eqs. (11-14) is reconsid-
ered in order to recover RDI in the case there is only the radial drift
of the dust.
3 RDI WITHIN TVA
From now on, eqs. (11-12) read
(∂t − qΩ0x∂y)U− 2Ω0Uyex + (2− q)Ω0Uxey + (U∇)U =
∇p0
ρg
− ∇(p+ p0)
ρ
,
(18)
∇(p+ p0)
ρ
=
V
ts
. (19)
This Section deals with the analysis of the particular linear solution
of the set of eqs. (18), (19), (13) and (14). In what follows, where
necessary, the usual dimensionless stopping time is used τ ≡ tsΩ0.
3.1 Stationary solution
In the reference frame rotating with Ω0, the local gravitational ac-
celeration has both vertical and radial components. In the geomet-
rically thin disc, the former is defined with the help of eq. (3),
−∂zp0
ρg
≡ gz ≈ Ω20z0 > 0, (20)
and may be considered as a constant value inside the small box.
Note that in the last equality in eq. (20) the Keplerian value of an-
gular velocity, ΩK , is replaced by Ω0 < ΩK . This is justified by
the small difference between Ω0 and ΩK , which is of the order of
(h/r0)
2. This difference is usually parametrised by the dimension-
less
η ≡ ΩK − Ω0
ΩK
≪ 1.
Eq. (2) gives the following relation between the radial (effective)
gravitational acceleration and η:
−∂xp0
ρg
≡ gx ≈ 2ηΩ20r0 > 0. (21)
Depending on the height of the box above the disc midplane, gx
and gz can be of any ratio with each other.
The most simple solution of eqs. (18), (19), (13) and (14) de-
scribing the dust settling is
U = 0, (22)
∇(p+ p0)
ρ
= g, (23)
V = tsg, (24)
where g = −gxex − gzez. Hence, the velocity of dust streaming
through the gas environment is directed along the (effective) gravi-
tational acceleration in the box.
Finally, eq. (13) along with eq. (24) implies that
ρp = const (25)
on the local scale considered here.
Eqs. (22-25) is the local variant of known Nakagawa et al.
(1986) solution.
MNRAS 000, 1–?? (2017)
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3.2 Equations for axisymmetric perturbations
The reduced set of equations describing the dynamics of gas-dust
perturbations with the background (22-25) in the limit of small
f ≪ 1 is derived in the Appendix A. The appropriate state vari-
ables are
̟ ≡ −∂zuy ,
φ ≡ ∂zux,
uz and δ, where ux, uy , uz are the components of the Eulerian per-
turbation of the centre-of-mass velocity and δ is the relative pertur-
bation of the dust density, see the Appendix A for the details.
The basic equations take the form:
∂tφ = ∂
2
txuz − 2Ω0̟ + f(gz∂xδ − gx∂zδ), (26)
∂t̟ =
κ2
2Ω0
φ, (27)
∂2tx̟ = − κ
2
2Ω0
∂2zzuz, (28)
∂2tzδ = ts(gz∂
2
zzδ + gx∂
2
xzδ) + 2τ∂x̟, (29)
where κ2 ≡ 2(2− q)Ω20 is the epicyclic frequency squared.
Let the gas-dust perturbation have the form of the plane wave
χi = χˆi exp(−iωt+ ikx). (30)
That is, χˆi are complex Fourier amplitudes of χi. In eq. (30) kx =
kxx+ kzz, where kx and kz are wavenumbers, respectively, along
radial and vertical directions in a disc. The frequency ω is in general
a complex value, so that ℑ[ω] > 0 implies the exponential growth
of wave amplitude, i.e. the onset of SI.
Eqs. (26-29) yield
−iωφˆ− ωkxuˆz + 2Ω0 ˆ̟ − fgzikxδˆ + fgxikz δˆ = 0, (31)
−iω ˆ̟ − κ
2
2Ω0
φˆ = 0, (32)
ωkx ˆ̟ − κ
2
2Ω0
k2z uˆz = 0, (33)
ωkz δˆ + tsgzk
2
z δˆ + tsgxkxkz δˆ − 2τ ikx ˆ̟ = 0. (34)
3.3 Energy of modes of gas-dust perturbations: derivation
from variational principle
For class of neutral modes, when ℑ[ω] = 0 and the amplitudes
are constant, it is possible to formulate the variational principle de-
scribing the dynamics of small perturbations.
Let the modal solution have the form
̟ = ˜̟ cos θ,
φ = φ˜ sin θ,
uz = u˜z cos θ,
δ = δ˜ sin θ,
(35)
where tilded quantities are real and the phase θ ≡ −ωt+ kx. The
tilded quantities in eq. (35) satisfy the set of eqs. (31-34), where the
following replacement is made
ˆ̟ → ˜̟ , φˆ→ −iφ˜, uˆz → u˜z, δˆ → −iδ˜.
According to the averaged variational principle for modes, see
Whitham (2011), there is a Lagrangian
L = L(χ˜i, ∂iθ),
where χ˜i ≡ { ˜̟ , φ˜, u˜z, δ˜} and ∂i ≡ {∂t, ∂x, ∂z}, such that the
corresponding Euler-Lagrange equations are equivalent to the set
of eqs. (31-34) for modes of perturbations provided that the action
S =
∫
Ld2x dt (36)
with d2x ≡ dxdz be stationary with respect to arbitrary variations
of χ˜i and θ in the small shearing box. The Lagrangian density is
L = L0 + fL1, (37)
where
L0 = ω ˜̟ φ˜+ ωkx ˜̟ u˜z − Ω0 ˜̟ 2 − κ
2
2Ω0
φ˜2
2
− κ
2
2Ω0
k2z u˜
2
z
2
(38)
and
L1 = gz
[
1− kz
kx
gx
gz
]{
kx ˜̟ δ˜ +
kz δ˜
2
4Ω0
[
ω
ts
+ (gzkz + gxkx)
]}
.
(39)
The subscript ‘0’ denotes the contribution to the full La-
grangian responsible for the dynamics of gas-dust perturbations
with no account for the dust back reaction on gas. In the absence
of dust, L0 describes single-fluid vortical perturbations in rotating
gas. The subscript ‘1’ denotes additional contribution to L respon-
sible solely for the dynamics of dust in terms of the evolution of its
density. The first term in curly braces inL1 is the cross-term, which
describes both the action of gas on solids and the back reaction of
solids on gas via the aerodynamic drag.
It can be checked that eqs. (31-34) correspond to the following
Euler-Lagrange equations
∂L
∂χ˜i
= 0. (40)
Also, it is straightforward to check that equations (40) yield an al-
ternative form of the dispersion equation (cf. eq. (49) below), which
is nothing but
L = 0. (41)
The remaining Euler-Lagrange equation is
−∂t
(
∂L
∂ω
)
+ ∂x
(
∂L
∂kx
)
+ ∂z
(
∂L
∂kz
)
= 0. (42)
Note that L is known up to an arbitrary (dimensional) constant
factor since it describes the linear problem. The sign of L is chosen
so that the energy of IW propagating in rigidly rotating fluid (i.e. in
the case f = q = 0) be positive, see eq. (46) along with eq. (53)
below.
A conserved quantity associated with the invariance of L with
respect to translations in time is the energy of neutral mode E ≡∫
Eˆd2x, where
Eˆ =
∂L
∂(∂tθ)
∂tθ = ω
∂L
∂ω
(43)
MNRAS 000, 1–?? (2017)
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is the energy density of mode. Eq. (42) shows that E changes due
to the surface flux of
F ≡ −ω∂L
∂k
. (44)
Hence, this quantity is associated with the energy flux of mode, see
Whitham (2011).
The energy density of mode incorporates the basic contribu-
tion, which is similar to the energy density of gas perturbations in
rotating flow in the absence of dust, and the additional contribution
related to perturbations of dust density
Eˆ = Eˆ0 + fEˆ1. (45)
Explicitly,
Eˆ0 = 2Ω0
k2ω2
κ2k2z
˜̟ 2, (46)
where k2 = k2x + k
2
z , and
Eˆ1 =
ω
4τ
kz
kx
(kxgz − kzgx) δ˜2. (47)
For what follows, see Sections 3.7, 3.9 and 3.10, it is conve-
nient to represent Eˆ in the form:
Eˆ =
{
2Ω0
k2ω2
κ2k2z
+ fτω
kxgz − kzgx
(ω + tsgzkz + tsgxkx)2
kx
kz
}
˜̟ 2.
(48)
In the limit f → 0 Eˆ → Eˆ0, which is positive definite1. How-
ever, Eˆ1 has any sign depending on the signs of wavenumbers and
frequency of mode, as well as on the sign of combination in the
brackets of eq. (47). As the dust fraction becomes non-negligible,
the balance of terms in eq. (45) for the corresponding mode fre-
quency ω(kx, kz) determines whether Eˆ is either positive or nega-
tive quantity.
In the particular case of the dust settling, i.e. when gx → 0, it
is possible to do a straightforward generalisation of the above vari-
ational principle onto perturbations of general form, see Appendix
B. It can be shown that in the general case of dust streaming ver-
tically and radially in a disc the variational principle of the form
(B1) should contain the higher derivatives of χi. The development
of such a formalism is beyond the scope of this study. Note that in
the case gx → 0 eq. (48) becomes identical to eq. (B8) provided
that ℑ[ω] = 0.
3.4 Dispersion equation
As it follows from eqs. (31-34), ω obeys an equation
Dg(ω,k) ·Dp(ω,k) = ǫ(k), (49)
where
Dg(ω,k) ≡ ω2 − ω2i , (50)
Dp(ω,k) ≡ ω − ωp, (51)
ǫ(k) ≡ ftsκ2 kx
k
kz
k
(kxgz − kzgx) (52)
with ωi ≡ −(kz/k)κ and ωp ≡ −tsgxkx − tsgzkz .
1 This is true in centrifugally stable flows only
For f → 0, eq. (49) splits into two separate dispersion equa-
tions
Dg(ω1,k) = 0 (53)
and
Dp(ω2,k) = 0 (54)
describing, respectively, two IW2 propagating in opposite direc-
tions and one else mode, which is referred to as SDW. Indeed, eq.
(53) can be obtained from eqs. (31-34) setting δˆ = 0. Since the
dust fraction is negligible, the remaining variables describe pertur-
bations of gas only. The set of equations (31-34) in this particular
limit is identical to those that describe IW in rigidly rotating fluid,
see e.g. Landau & Lifshitz (1987), paragraph 14. In astrophysical
context, one should take into account the more general case of
shearing rotating flow and replace 2Ω, which is the epicyclic fre-
quency for rigid rotation, by κ, see e.g. Balbus (2003), paragraph
3.2.3. For this reason, the modes described by eq. (53) are referred
to as the IW below3. On the contrary, eq. (54) follows from eqs.
(31-34) provided that ˆ̟ = φˆ = uˆz = 0, which means that gas
environment remains unperturbed, whereas arbitrary initial pertur-
bations of dust are transported by the bulk streaming of dust with
the velocity (24). The phase velocity of SDW is equal to the scalar
product of the dust velocity and the normal to the wavefront.
Accordingly, as long as the dust fraction is negligible, Eˆ0 in-
troduces the energy of IW, see eq. (46), whereas fEˆ1 introduces
the energy of SDW, see eq. (47).
3.5 The mode coupling
The form of the dispersion equation described in the previous Sec-
tion has been examined in the dynamics of waves in shear flows,
see Fabrikant et al. (1998). Cairns (1979) suggested that the solu-
tion of eq. (49) with small RHS can be interpreted as the coupling
of modes having their own dispersion relations Dg and Dp. The
RHS of eq. (49) is referred to as coupling term.
The coupling term originates from the product of the last two
terms in eq. (31) and the last term in eq. (34). In turn, the former
comes from the last terms in RHS of eqs. (A8) and (A10), which are
proportional to gravitational acceleration in a disc. Physically, this
term is the deviation of the weight of solids acting on gas, which
emerges due to perturbation of the dust density. At the same time,
the last term in eq. (34) comes from the first term in RHS of eq.
(A11), which exists as soon as the flow is rotational, see eq. (A17).
Indeed, if it were not for the rotation, the pressure maxima would be
absent in the perturbed gas environment. In the linear problem, the
subsonic pressure maxima, which are necessary both for existence
of IW and for dust clumping, arise due to the action of Coriolis
force. The similar situation was noted by Jacquet et al. (2011) in
context of the streaming instability of Youdin & Goodman (2005),
see their discussion about the geostrophic balance. However, as it
becomes clear from the study of SH, see also Section 4 of this pa-
per, Jacquet et al. (2011) considered the non-resonant instability of
gas-dust mixture different from RDI.
The coupling causes the deviation of the mode frequencies by
a small value∆ ≡ ω−ωc at the mode crossing. The mode crossing
2 Referred to as ‘epicyclic mode’ in SH
3 Note that according to eq. (A2) such IW produce a non-zero perturbation
of relative velocity.
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is the point in the phase space, where the phase velocities of modes
are equal to each other, thus, eqs. (53-54) are jointly satisfied and
ω1 = ω2 ≡ ωc.
Then,
Dg(ω) ≈ ∂ωDg|ωc∆,
Dp(ω) ≈ ∂ωDp|ωc∆.
Substitution of these approximations into eq. (49) yields the fol-
lowing solution
∆ = ±
(
ǫ
∂ωDg|ωc · ∂ωDp|ωc
)1/2
= ±
(
ǫ
2ωc
)1/2
. (55)
This general result is employed in Sections 3.7-3.9 to show a sim-
ple way to reproduce the analytical estimations of SI growth rate
obtained by SH.
A more subtle thing is that the sign of the expression under
the square root in eq. (55) follows the sign of SDW energy taken
at the mode crossing, see eq. (47). Therefore, as there is a mode
crossing between SDW and IW, then SI occurs if and only if SDW
has negative energy. Since the energy of IW is always positive, see
eq. (46), this implies that the instability occurs as soon as the cou-
pling waves have the energy of different signs. Following Cairns
(1979), this allows for clear interpretation of SI as the resonant
coalescence of waves in the gas-dust mixture, which provides an
exchange with energy between the waves. The total energy of cou-
pled mode formed by the coalesced waves remains constant, while
the non-zero energy flux between the coalesced waves provides the
growth of their amplitudes as soon as the energy flows from the
negative energy wave to the positive energy wave. On the contrary,
if the energy flows in the opposite direction, a coupled mode is
damping. These cases represent the pair of complex conjugate so-
lutions of the dispersion equation (49) approximately given by eq.
(55).
The following Sections provide the details of the mode cou-
pling during the dust settling or/and the dust radial drift. The fre-
quencies and the energy of modes of gas-dust perturbations for fi-
nite non-zero f > 0 are obtained from the accurate solution of eq.
(49). Hereafter it is assumed that kz > 0. Eq. (49) indicates that
the case kz < 0 is reduced to the previous one by the replacement
kx → −kx and ω → −ω.
3.6 Units
Wherever it is needed below, the frequencies are measured in units
of Ω0 and the wavenumbers are measured in units of the inversed
artificial length-scale, L . h. Accordingly, the gravitational accel-
eration is measured in units of LΩ20. In all particular calculations
q = 3/2 and τ = 0.1.
3.7 Particular case of the dust vertical settling
Here it is assumed that the box is located sufficiently far above the
disc midplane so that gz solely controls the streaming of dust, cf.
eqs. (20) and (21). The corresponding restriction reads
z0
r0
≫ 2η. (56)
An accurate solution of eq. (49) for particular values of param-
eters is presented in Fig. 1. The problem is symmetric with respect
to kx → −kx, so the case kx > 0 is considered only. Note that
only two branches of ω with ℜ[ω] < 0 are shown, while there ex-
ists a third one with ℜ[ω] > 0. The corresponding profile of the
energy density of mode, Eˆ, normalised by |̟|2 is shown on the
bottom panel of Fig. 1.
As far as the dust fraction is negligible, f = 0, there is no
instability of gas-dust mixture. As expected, for f > 0 SI sets on
in the vicinity of the point, where the frequencies of two branches
evaluated for f = 0 are equal to each other. This is the mode cross-
ing point. For the particular values of parameters taken in Fig. 1
it is located at kx = 6. The non-negligible dust fraction causes a
small deviation of the branches corresponding to IW and SDW in
such a way that in some band around the mode crossing the waves
acquire identical phase velocities and increment/decrement, which
takes maximum value approximately at the mode crossing, com-
pare the curves marked by (1) with the curves marked by (2) and (3)
in Fig. 1. Strictly speaking, the waves represented by curves (2) and
(3) are the specific kind of waves propagating through the gas-dust
mixture with dust settling to the disc midplane. Outside the band
of instability these waves are akin to IW and SDW having, respec-
tively, positive and negative energy densities. As one approaches
the band of instability, the absolute value of the energy density of
the both branches vanishes. At the same time, the neutral waves
coalesce and give birth to a pair of growing and damping waves
as seen in Fig. 1. The energy of such waves vanishes, since this is
the only way for the energy to be conserved for alternating ampli-
tudes of waves, see the Appendix B2.1 and also Friedman & Schutz
(1978a). Similar picture occurs in some applications from physics
of hydrodynamical instability of shear flows, where it is regarded
as a mode coupling discussed above in Section 3.5.
According to eqs. (53-54) with gx = 0 the mode crossing
occurs as soon as the condition
tsgz =
κ
k
(57)
is true. Once (57) is satisfied, the phase velocities of IW and SDW
are equal to each other ωc = ωi = ωp.
As one follows derivation of eq. (57) starting from the gen-
eral equations (A1-A4), it becomes clear that the LHS of eq.
(57) is nothing but the bulk settling velocity of dust given by
eq. (24), also cf. eq. (4.4) of Squire & Hopkins (2018a). There-
fore, the latter defines the characteristic wavelength of the mode
coupling and the band of SI. As has been already recognised by
Squire & Hopkins (2018a), the growing gas-dust perturbations of
SI have larger length-scales than that of the streaming instability of
Youdin & Goodman (2005). Clearly, this is because in the geomet-
rically thin disc settling velocity can be higher than the velocity of
radial drift by factor ∼ (h/r0)−1.
Equation (55) applied to the case gx → 0 yields
∆ = ±iκ
(
f
2
)1/2
kx
k
, (58)
where eq. (57) is taken into account. The estimate (58) is in accor-
dance with eq. (5.13) of SH. For small value of f used in Fig. 1
this analytical increment/decrement virtually coincides with an ac-
curate solution of eq. (49). It is also equivalent to eq. (B10) in the
leading order in f1/2.
Additionally, it should be noted that as far as the main restric-
tion of solids tightly coupled to gas is valid, see eq. (16), the con-
dition (57) fits well within the second restriction of the model, see
eq. (17). Indeed, in the case of the Keplerian shear eq. (57) implies
that
lev ∼ gztsΩ−10 ,
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Figure 1. Top panel: the curves show ℜ[ω] taken with the opposite sign,
where ω is the solution of the dispersion equation (49). The parameters
are q = 3/2, gx = 0, gz = 1, τ = 0.1, kz = 8. It is assumed that
f = 0 (branches marked as ’1’), f = 0.001 (branches marked as ’2’) and
f = 0.01 (branches marked as ’3’). In the case f = 0 the solid and the
dashed line correspond to SDW and IW (see text), respectively. In the case
f > 0 the solid and the dashed lines correspond to modes akin to SDW
and IW, respectively. Middle panel: the imaginary part of the corresponding
solution. The filled circles represent the analytical solution given by eq. (58)
at the mode crossing given by eq. (57). Bottom panel: the energy density of
modes with ℑ[ω] = 0 as given by eq. (48) and additionally the energy
density of growing/damping modes as given by eq. (B8), for |̟|2 = 1 and
the non-zero f . The solid and the dashed lines correspond to modes akin to
SDW and IW, respectively.
Table 1. Formal types of the mode crossing for any gz > 0
type (kx, Re[ω]) sector group velocities concavity
I kx > 0, ωc < 0 ∂kxωp 6 0 < ∂kxωi any value
II kx < 0, ωc < 0 ∂kxωi < ∂kxωp 6 0 any value
III kx < 0, ωc < 0 ∂kxωp 6 ∂kxωi < 0 ∂
2
kx
ωi < 0
III′ kx < 0, ωc < 0 ∂kxωp 6 ∂kxωi < 0 ∂
2
kx
ωi > 0
IV kx < 0, ωc > 0 ∂kxωp < 0 < ∂kx (−ωi) any value
Table 2. Existence of the mode crossings of different types for any gz > 0.
type existence
I ∀gx: kz 6 k˜z
II 0 6 gx < g
′
x: k
′
z < kz < k
′′
z
III 0 < gx 6 g
′
x: k
′
z < kz , g
′
x < gx < g
′′
x : k˜
′
z < kz
III′ 0 < gx 6 g
′
x: k˜z < kz 6 k
′′
z , g
′
x < gx 6 g
′′
x : k˜z < kz 6 k˜
′
z ,
g
′′
x < gx: k˜z < kz
IV ∀kz: gx > 0
which corresponds to the length-scale larger than the stopping
length of solids settling to the disc midplane4 ∼ gzt2s by factor
∼ τ−1 ≫ 1. The main restriction (16) is valid as far as ℜ[ω] ∼ Ω0
and ℑ[ω] . Ω0.
3.8 Introducing the dust radial drift
As the box gets down to the disc midplane, the bulk streaming of
dust is determined by combination of vertical and radial compo-
nents of gravitational acceleration. The symmetry of the problem
with respect to kx → −kx breaks and the general picture of the
mode crossing (just ‘crossing’ below in this Section) between IW
and SDW becomes more complex. It is shown in Fig. (2) on the
plane of (kx,−ℜ[ω]). For the specific value of kz there are two cer-
tain branches of the oppositely propagating IW given by eq. (53),
whereas the position of the straight line representing SDW, see eq.
(54), is determined by the changeable gx and gz . This line is ho-
risontal for gx = 0, while it crosses the origin of coordinates, i.e.
(kx = 0,−ℜ[ω] = 0), for gz = 0, see the lines (1) and (4) in
Fig. 2, respectively. In the former limiting case, there can be up to
two crossings, whereas in the latter limiting case there are always
two crossings, each one with its own branch of IW. In the general
situation of gx > 0 and gz > 0, there can be from two and up to
the four crossings, see the lines (2) and (3) in Fig. 2. Note that the
lines of SDW shown in Fig. 2 intersect each other at the crossing
considered for example in Fig. 1.
The condition of the crossing becomes
ts(kxgx + kzgz) = ±κkz
k
, (59)
where ‘+’ and ‘-’ are taken for ωc < 0 and ωc > 0, respectively.
In order to facilitate the understanding, it is appropriate to in-
troduce the formal classification of the crossings, see table 1 and
Fig. 2. The conditions for existence of the crossings of different
types is collected in the table 2.
There are a few quantities that delimit the whole space of pa-
rameters with respect to the existence of crossings of various type.
First, the value of gx = g
′
x, which restricts the existence of type-II
4 cf. similar restriction obtained by Jacquet et al. (2011) who considered
the streaming instability.
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Figure 2. The general view of the mode crossing with the account of the
dust radial drift for τ = 0.1, q = 3/2 and kz = 8. Solid curves marked
as ‘1’, ‘2’, ‘3’ and ‘4’ represent SDW for f = 0 and the value of gravi-
tational acceleration (gx; gz) being, respectively, (0.0; 1.0), (0.1; 0.925),
(0.3; 0.775) and (4/3; 0), respectively. Dashed curves represent two IW
propagating in the opposite directions. Additionally, the solution of the dis-
persion equation (49) is shown for the case of (gx = 0.1; gz = 0.925) and
f = 0.001, see the solid curves marked by ‘I’ ‘II’ ‘III’ and ‘IV’ represent-
ing the modes akin to SDW, whereas the dotted curves represent the modes
akin to IW in this case. At the same time, these Roman numbers denote the
type of the mode crossing which causes the corresponding mode coupling
(or avoided crossing, see Sections 3.9 and 3.10 for details), see table 1.
crossings, is defined by the condition that the lines of SDW and IW
do not touch each other for gx > g
′
x. It reads
g
′
x ≡ gz√
8
. (60)
As soon as gx < g
′
x, there are two values of kz, k
′′
z > k
′
z ,
corresponding to the positions of SDW line tangent to IW curve. It
is straightforward to obtain them for given gz and gx < g
′
x, though
the corresponding expressions are omitted here to save space. Note
that in the limit gx → g′x
k
′
z → k
′′
z → k¯z ≡ 4
3
√
2
3
k˜z ≈ k˜z, (61)
where
k˜z ≡ κ
tsgz
. (62)
For kz = k˜z the crossing occurs at kx = 0, where the ‘negative’
branch of IW attains its minimum. Oppositely, as gx → 0 k′x → 0
and k
′′
x → k˜z .
Next, for a higher g
′
x < gx < g
′′
x , where
g
′′
x ≡
√
2gz, (63)
type-III and type-III’ crossings co-exist in the range kz > k˜z with
the transition into each other at
k˜
′
z ≡ 2k˜z√
3(
√
2− gx/gz)
. (64)
As gx → g′′x , k˜
′
z → ∞ and type-III crossing disappears for all kz .
Also, note that in the limiting case gx = g
′
x
k˜
′
z = k¯z.
A caveat should be done, that in this study of SI the distinction
between type-III and type-III’ crossings looks completely formal.
Still, it is shown here for the sake of rigorous analysis.
The formal picture presented above leads to the following
summary:
• In the case of small radial drift, 0 < gx ≪ gz , type-I (or
type-III’) and type-II crossings are confined in the range kz . k˜z ,
while type-III crossing exists for unlimited kz . For type-III crossing
|kx| ≫ kz .
• As radial drift and vertical settling are comparable to each
other, gx ∼ gz, type-II crossing disappears, while the whole range
of kz is shared between type-I and type-III(’) crossings for kz 6 k˜z
and kz > k˜z , respectively.
• In the case of dominating radial drift, gx ≫ gz , the whole
range of kz is shared between type-I and type-III
′ crossings, while
the zone of type-III′ crossing shifts to high kz as k˜z increases with
decreasing gz. For type-III
′ crossing |kx| ≪ kz .
• Type-IV crossing exists in all mentioned cases.
Prediction of SI for the crossing of any type can be done using
the rule revealed in Section 3.5. Examination of the energy density
of SDW, see eq. (47), leads to the conclusion that type-I crossing
produces SI for kx/kz > gx/gz only. In the opposite case, the
mode coupling is absent. Clearly, the greater the radial drift, the
more severe becomes this restriction on SI, see Section 3.9 for de-
tails. On the contrary, type-II and type-III(’) crossings produce SI
with no regards to the parameters, whereas, by the same reasoning,
at the type-IV crossing the mode coupling is always absent, see
Section 3.10.
According to the general formula (55), the approximate
growth/damping rate at the crossing of any type producing SI is
∆ = ±iκ
(
f
2
)1/2
(kxkz)
1/2
k
(
kxgz − kzgx
gxkx + gzkz
)1/2
, (65)
which must be evaluated under the condition (59). In the case of
the crossing, which does not produce SI, eq. (65) provides an esti-
mation for real correction to ωc. Eq. (65) is in accordance with eq.
(5.12) of SH.
3.9 Avoided crossing of modes
In this Section type-I crossing is considered more closely. It can be
seen that for gx > 0 the coupling term given by eq. (52) changes
its sign at some kx > 0. For smaller kx, the mode coupling ceases
even for non-zero dust fraction and is replaced by the avoided
crossing, see e.g. Stepanyants & Fabrikant (1989).
The condition ǫ = 0 along with the mode crossing condition
(59) yields that for the given gx and gz the mode coupling ceases
at
k(AC)x =
gxg
2
z
g3
k˜z, (66)
k(AC)z =
g3z
g3
k˜z. (67)
Accordingly, for kz < k
(AC)
z the type-I crossing causes the mode
coupling, while for kz > k
(AC)
z it causes the avoided crossing. As
gx becomes greater, k
(AC)
z steeply gets smaller than the character-
istic kz = k˜z . Examination of eq. (65) for this case in the limit
gx ≫ gz, which corresponds to kx ≫ kz for type-I crossing, leads
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to conclusion that the growth rate of SI decreases like
ℑ[ω] ∼ O
(
gz
gx
)
ℑ[ω]stl, (68)
where ℑ[ω]stl = κ (f/2)1/2 is the maximum growth rate given by
eq. (58).
In the absence of the dust settling, i.e. for gz = 0, there is
no coupling for type-I crossing, and one arrives at the following
estimation for the real corrections to the frequencies of SDW and
IW:
∆ = ±κ
(
f
2
)1/2
kz
k
, (69)
which is in accordance with eq. (5.10) of SH to the leading order in
τ .
The transition of type-I crossing from the mode coupling to
the avoided crossing as the radial drift of the dust becomes com-
parable to its settling is shown in Fig. 3. For several particular
solutions of eq. (49) the components of gravitational acceleration
are chosen in such a way that the mode crossing occurs at the
same point as in Fig. 1. It is seen that as gx increases, the band
of SI shrinks and the maximum growth rate becomes smaller. Next,
for gx/gz ≈ 3/4, which is determined by eqs. (66-67) for this
mode crossing, the mode coupling ceases and the two separate
curves of ℜ[ω] emerge instead. Each of these curves consists of
the parts, which can be associated with the modes akin to IW and
SDW as demonstrated in Fig. 3. In other words, the branches rep-
resenting the modes akin to IW and SDW become broken as the
avoided crossing occurs. The corresponding analytical estimations
done with the account of both the radial drift and the vertical set-
tling are in a good agreement with an accurate result. Turning to
the profiles of the energy of modes, one finds that as far as SI ex-
ists, they are similar those shown in Fig. 1. However, in the vicinity
of the critical point defined by eqs. (66-67) there is another situa-
tion. Indeed, in the case marked as ‘3’ in Fig. 3 the mode coupling
still occurs, though it is rather weak. Nevertheless, one of the cor-
responding branches of mode akin to SDW acquires the positive
energy. Further, as the avoided crossing arises, one finds that the
two separate curves of ℜ[ω] marked as ‘4’ represent the positive
energy modes.
3.10 Behaviour of mode crossings at negative radial
wavenumber
All crossings except the type-I crossing take place at kx < 0. Eq.
(65), or equivalently, the energy density of SDW (47) along with
the rule noted in Section 3.5, indicate that type-II and type-III(′)
crossings result in the mode coupling for any f > 0, while type-IV
crossing always provides the real correction to the frequency, thus,
resulting in the avoided crossing. As follows from table 2, type-
II and type-III crossings occur for the substantial settling only, as
they exist for gx < g
′
x and gx < g
′′
x , respectively. At the same time,
type-III′ and type-IV crossings remain in the limit gz → 0. Addi-
tionally, unlike the type-II crossing, type-III,III′ and -IV crossings
are not confined over kz and |kx|.
In this Section the solution of eq. (49) is shown for the case
when settling dominates the radial drift of the dust, see Fig. 4 for
type-II crossing and Fig. 5 for type-III and type-IV crossings. The
components of gravitational acceleration are chosen in such a way
that the corresponding type-I crossing occurs at the same point as
in Fig. 1. The mode coupling at the type-II crossing is similar to
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Figure 3. Modification of the mode coupling demonstrated in Fig. 1 due to
the dust radial drift. Top panel: the curves show ℜ[ω] taken with the op-
posite sign, where ω is the solution of the dispersion equation (49). The
parameters are q = 3/2, τ = 0.1, kz = 8 and f = 0.01. Gravitational
acceleration (gx; gz) is the following: (0.0; 1.0) (branches marked as ’1’),
(0.3; 0.775) (branches marked as ’2’), (0.48; 0.64) (branches marked as
’3’) and (0.8; 0.4) (branches marked as ’4’). The solid and the dashed lines
correspond to modes akin to SDW and IW, respectively. The filled circles
represent the analytical solution given by eq. (65) taken at the mode cross-
ing according to eq. (59) for (gx = 0.8; gz = 0.4). Middle panel: the
imaginary part of the corresponding solution. The filled circles represent
the analytical solution given by eq. (65) taken at the mode crossing given
by eq. (59) for (gx = 0.0; gz = 1.0) and (gx = 0.3; gz = 0.775). Bot-
tom panel: the energy density of modes as given by eq. (48) for |̟|2 = 1
for modes with ℑ[ω] = 0. The solid and the dashed lines correspond to
modes akin to SDW and IW, respectively.
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Figure 4. The mode coupling produced by the type-II mode crossing. Top
panel: the curves show ℜ[ω] taken with the opposite sign, where ω is the
solution of the dispersion equation (49). The parameters are q = 3/2, τ =
0.1, gx = 0.1, gz = 0.925 and kz = 8. The dust fraction is taken as
f = 0 (branches marked as ’1’), f = 0.0005 (branches marked as ’2’)
and f = 0.001 (branches marked as ’3’). In the case f = 0 the solid
and the dashed line correspond to SDW and IW, respectively. In the case
f > 0 the solid and the dashed lines correspond to modes akin to SDW
and IW, respectively. Middle panel: the imaginary part of the corresponding
solution. The filled circles represent the analytical solution given by eq.
(65) at the mode crossing according to eq. (59). Bottom panel: the averaged
energy density of modes with ℑ[ω] = 0 as given by eq. (48) for |̟|2 = 1
and the non-zero f . The solid and the dashed lines correspond to modes
akin to SDW and IW, respectively.
the case of dust settling, see Fig. 1, with the difference that band
of instability is slightly wider at the type-II crossing for the same
value of the dust fraction. In contrast, type-III crossing provides the
band of instability in much greater range of kx with the growth rate
by more than two times higher for the same value of the dust frac-
tion. The bottom panel in Fig. 5 shows that in the vicinity of the
mode coupling the energy of modes akin to IW and SDW still have
the opposite signs, however, as soon as ℜ[ω] of the mode akin to
SDW becomes positive, its energy also acquires the positive values.
Thus, the type-IV crossing of SDW which occurs with the other
IW, provides the avoided crossing with no SI. As a result, the loop
of the energy profile forms to the left from the mode coupling in
Fig. 5. The analytical estimates made at type-III and type-IV cross-
ings show less accordance with an accurate solution which may be
caused by the proximity of the crossings to each other. It can be
checked that for greater value of the dust fraction, or alternatively,
for higher kz than shown in Fig. 5 the mode coupling expands be-
yond the type-IV crossing, while at the same moment the ordinary
coupling of two modes is replaced by the novel variant of coupling
between three modes, i.e. two IW and one SDW, see Section 3.11.
In the opposite situation when the radial drift of the dust domi-
nates its settling, i.e. gz ≪ gx, type-III′ crossing provides the mode
coupling in the high-kz limit, see Fig. 6. This case can be consid-
ered analytically employing the limits gx ≫ gz and kz ≫ k˜z .
Then the growth rate given by eq. (65) is reduced to the following
result
∆ ≈ ±i
(
f
2
)1/2
(κtsgzkz)
1/2. (70)
Eq. (70) confirms that in this case the growth rate does not depend
on the rate of radial drift, see Fig. 6. Instead, the band of the in-
stability shrinks over the radial wavenumber. Eq. (70) can be com-
pared with the growth rate in case of the dust settling, see eq. (58),
ℑ[ω] ∼
(
kz
k˜z
)1/2
ℑ[ω]stl,
which is formally even higher than the maximum value found in
the absence of radial drift. However, as gz → 0, k˜z → ∞ and this
branch of SI should be suppressed by viscosity in real disc.
3.11 Triple coupling of modes
Here the mode coupling provided by the type-III crossing is con-
sidered in the high-wavenumber limit kz > k˜z in the case when
settling dominates radial drift, see Fig. 7. As the dust fraction in-
creases, the growth rate of SI behaves in a different way than it is
expected from the ordinary mode coupling. In the high-k limit the
resonance condition (59) gives that kx → −(gz/gx)kz and eq. (65)
yields
∆ = ±i
(
f
2
)1/2
(κtsgzk)
1/2. (71)
As it is seen on the bottom panel in Fig. 7, eq. (71) along with
the more general eq. (65) provides satisfactory approximation of
an accurate solution of eq. (49) for smaller f = 0.001 only. As the
dust fraction becomes higher, those equations overestimate actual
growth rate evaluated at the type-III crossing. The reason for such
discrepancy can be found out deriving the approximate solution to
eq. (49) in a slightly different way than it is done in Section 3.5.
Indeed, eq. (49) can be written in another form:
(ω − ωi)(ω + ωi)(ω − ωp) = ǫ. (72)
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Figure 5. The mode coupling and the avoided crossing produced by the
type-III and type-IV mode crossings, respectively. Top panel: the curves
show ℜ[ω] taken with the opposite sign, where ω is the solution of the dis-
persion equation (49). The parameters are q = 3/2, τ = 0.1, gx = 0.1,
gz = 0.925 and kz = 8. The dust fraction is taken as f = 0 (branches
marked as ’1’), f = 0.0005 (branches marked as ’2’) and f = 0.001
(branches marked as ’3’). In the case f = 0 the solid lines correspond to
SDW, while the dashed and the dot-dashed lines correspond to IW propagat-
ing in the opposite directions. In the case f > 0 the similar lines correspond
to modes akin to SDW and IW. The filled and the hollow circles represent
the analytical solution given by eq. (65) at the type-IV mode crossing ac-
cording to eq. (59), respectively, for f = 0.0005 and f = 0.001. Mid-
dle panel: the imaginary part of the corresponding solution. The filled and
the hollow circles represent the analytical solution given by eq. (65) at the
type-III mode crossing according to eq. (59), respectively, for f = 0.0005
and f = 0.001. Bottom panel: the averaged energy density of modes with
ℑ[ω] = 0 as given by eq. (48) for |̟|2 = 1 and the non-zero f . The
solid lines correspond to modes akin to SDW, while the dashed and the
dot-dashed lines correspond to IW propagating in the opposite directions.
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Figure 6. SI in the case of the dust radial drift dominating the dust settling.
Top panel: the curves show ℜ[ω] taken with the opposite sign, where ω is
the solution of the dispersion equation (49). The parameters are q = 3/2,
τ = 0.1, gz = 0.1, f = 0.01 and kz = 120. The radial gravitational
acceleration is taken as gx = 0.5 (branches marked as ’1’), gx = 1.0
(branches marked as ’2’) and gx = 2.0 (branches marked as ’3’). The solid
and the dashed lines correspond to modes akin to SDW and IW, respec-
tively. Bottom panel: the imaginary part of the corresponding solution. The
filled circles represent the analytical solution given by eq. (65) at the mode
crossing according to eq. (59).
Again, let the deviation from the type-III crossing caused by the
coupling term be∆ = ω−ωi = ω−ωp, where ωc = ωi = ωp < 0.
As far as
|∆| ≪ |2ωi|, (73)
∆ is determined by equation
∆ ≈ ±
(
ǫ
2ωi
)1/2
, (74)
which is equivalent to eq. (55).
The condition (73) implies that the correction to ωc with the
account of coupling is much less than the difference between the
frequencies of oppositely propagating IW. However, as |kx|, kz →
∞, this difference tends to constant value ∼ κgx/gz , while the
coupling term |ǫ| ∼ O(k) → ∞ as far as the dust fraction is
constant. In the marginal case
|∆| ∼ |2ωi|. (75)
Employing eq. (59) along with eq. (71), one obtains from eq. (75)
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the upper value of f for the ordinary mode coupling
fcr ≈ 8κ
tsk
g2x
gzg2
. (76)
As f > fcr , it does not occur any more. In the opposite case |∆| ≫
|2ωi|,∆ is determined by equation
∆ = ǫ1/3, (77)
which yields the following result for the growth rate of the high-k
SI for f > fcr:
∆ ≈
{
1,−1
2
± i
√
3
2
}(
ftsκ
2k
gxgz
g
)1/3
, (78)
which recovers an equation (5.16) of SH. Fig. 7 demonstrates that
imaginary part of eq. (78) is in much better agreement with an ac-
curate solution rather than eq. (71). Note that for the case shown in
fig. 7 fcr ≈ 0.006.
The transition from eq. (74) to eq. (77) implies than coupling
of two modes is replaced by coupling of three modes, which are
two IW and SDW. This new mechanism of instability, which can
be referred to as the triple mode coupling, is responsible for dif-
ferent dependence of RDI growth rate on the dust fraction, i.e.
ℑ[ω] ∼ O(f1/3) instead of the more common ℑ[ω] ∼ O(f1/2).
Eq. (76) shows that the triple mode coupling is preferential for high
wavenumbers in situations with the substantial settling of dust. Ad-
ditionally, it occurs for particles of a greater size, as fcr ∼ t−1s .
The weaker dependence of the growth rate on the small dust frac-
tion can make the triple mode coupling the leading mechanism for
dust clumping in certain regimes, which is advisable to check in the
future work.
3.12 Bonding of inertial waves
It can be seen that in the case shown in fig. 7 the band of instability
for f = 0.01 extends unusually far towards kx → −∞. It is shown
below that this occurs due to the new instability of quasi-resonant
nature.
The zone of lower negative kx is shown in Fig. 8 for the pa-
rameters used before in Fig. 7. As one can see, a band of new in-
stability appears to the left from the band of SI produced by the
type-III crossing. The top panel of fig. 8 shows that as this new
instability sets on, the phase velocity of both modes akin to IW
vanishes. In that sense it resembles the mode coupling, however,
the other features are different:
i) the mode crossing between two IW is located formally at infinity,
kx → −∞;
ii) both IW have positive energy at kx → −∞; also, it can be
checked that, as f > 0, both modes akin to IW have positive en-
ergy outside of the band of new instability.
By these reasons, it is preferable to use a different term for this
mechanism of instability. Hereafter it is referred to as ’bonding of
IW’.
Thus, as kx → −∞, two IW propagating in the opposite di-
rections become the low-frequency modes. The difference between
their phase velocities becomes small, which makes possible the
bonding of IW caused by the coupling term, i.e. induced physi-
cally by the drag force acting on gas. Analytical estimation for the
growth rate of bonding instability of IW can be obtained along the
following lines. Similar to the case with the triple mode coupling,
the starting point is eq. (72). Now, the substitution is ω = ωb +∆,
where ωb = 0 is not the frequency of the mode crossing as in
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Figure 7. Illustration of the mode coupling, which produces SI with an
unbounded growth rate. Top panel: the curves show ℜ[ω] taken with the
opposite sign, where ω is the solution of the dispersion equation (49). The
parameters are q = 3/2, τ = 0.1, gx = 0.1, gz = 1.0 and kz = 15.
The dust fraction is taken as f = 0 (branches marked as ’1’), f = 0.001
(branches marked as ’2’) and f = 0.01 (branches marked as ’3’). In the
case f = 0 the solid lines correspond to SDW, while the dashed and the
dot-dashed lines correspond to IW propagating in the opposite directions.
In the case f > 0 the similar lines correspond to modes akin to SDW and
IW. Bottom panel: the imaginary part of the corresponding solution. The
filled diamonds represent the analytical solution given by eq. (65) at the
mode crossing according to eq. (59). The hollow circles represent the ap-
proximate analytical solution given by eq. (71). The filled squares represent
the approximate analytical solution given by the imaginary part of eq. (78).
All analytical estimations are made for f = 0.001 and f = 0.01.
the case of the mode coupling, but rather the average of the op-
posite frequencies of two IW taken in the case f = 0. As far as
|∆| ≪ |ωp|, this yields
∆2 − ω2i = − ǫ
ωp
. (79)
Clearly, for the range of kx < 0 lower that the type-IV crossing
both the coupling term ǫ and the frequency of SDW ωp are positive,
which implies that the bonding instability sets on as soon as
ω2i <
∣∣∣∣ ǫωp
∣∣∣∣ . (80)
The equality in the instability condition (80) yields the following
approximate location of the bound of bonding instability along the
radial wavenumbers:
kx
kz
≈ − gx
fgz
(81)
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Figure 8. Bonding of low-frequency inertial waves propagating in the op-
posite directions. Top panel: the curves show ℜ[ω] taken with the opposite
sign, where ω is the solution of the dispersion equation (49). The parameters
are q = 3/2, τ = 0.1, gx = 0.1, gz = 1.0 and kz = 15. The dust fraction
is taken as f = 0 (branches marked as ’1’), f = 0.002 (branches marked
as ’2’), f = 0.0023 (branches marked as ’3’) and f = 0.01 (branches
marked as ’4’). In the case f = 0 the dashed and the dot-dashed lines cor-
respond to IW propagating in the opposite directions. In the case f > 0 the
similar lines correspond to modes akin to IW. Bottom panel: the imaginary
part of the corresponding solution.
provided that there is a sufficient dust radial drift:
gx ≫ 2f1/2gz. (82)
Note that |kx| ≫ kz in this limit.
As far as the absolute value of kx/kz is much higher than the
corresponding absolute value of (81), the estimation of the growth
rate is
∆ = ±iκf1/2
(
gz
gx
kz
|kx|
)1/2
. (83)
As for RDI, the growth rate of bonding instability ∝ f1/2, which
is a feature of resonant mechanism. However, here it is referred to
as ’quasi-resonant’ by the reasons mentioned above in this Section.
It was checked that eq. (83) gives a slight overestimation of an
accurate value, nevertheless, the both values approach each other
while |kx| → ∞. The frequency of corresponding gas-dust mode
is imaginary, which means that bonding instability is provided by
standing exponentially growing perturbations.
By virtue of eq. (81) one can put the upper limit on the growth
rate of the bonding instability as
ℑ[ω] . κf gz
gx
, (84)
which shows that it scales with the first power of the dust fraction,
but still is comparable to SI growth rate in situation when dust set-
tling dominates the radial drift of the dust. Eq. (84) implies that in
geometrically thin disc the latter occurs as long as h/r0 . f
1/2,
which is commonly the case. It is also important that, similar to SI,
bonding instability does not depend on ts.
4 RDI BEYOND TVA
The analysis performed above shows that there is no RDI5 in the
absence of settling, gz → 0, within TVA. The solutions of eq. (49)
become symmetric with respect to change kx → −kx, so that both
type-I and type-IV crossings provide the identical avoided crossing,
see eq. (69). Hereafter it is assumed that kx > 0. Thus, in order to
recover RDI obtained by SH in the case of the dust radial drift with
no settling, the next order terms over the small τ∗ and λ
−1 must
be retained. Note that this concerns not only the terms ∼ UV , but
also the smallest terms∼ V 2 by the following reasoning. Since the
condition of the mode crossing is now
tsgxkx =
kz
k
κ, (85)
by the order of magnitude
tsg/lev ∼ Ω0
in the vicinity of resonance, which implies that λ−1 ∼ τ∗, i.e. the
terms ∼ V 2 in eq. (11-12) are comparable to the inertial terms in
eq. (12).
4.1 Stationary solution
Given the vertical gravity be negligible, gz = 0, the general set of
equations (11-14) have the following stationary solution
U = 0, (86)
∇(p+ p0)
ρ
= −gxex, (87)
ρp = const, (88)
V = −tsgxex + t2sgxey, (89)
where the terms ∼ τ 3 and smaller have been omitted.
4.2 Reduced dispersion equation
Here the strategy is to rederive the dispersion equation from the
general set of equations for axisymmetric perturbations relaxing
TVA, though adding the corresponding higher-order terms in τ in
the coupling term only. For this reason, it is referred to as the re-
duced dispersion equation. The higher-order corrections either to
5 as well as the bonding instability
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Dg or to Dp are not considered as those are not relevant to RDI,
modifying the non-resonant dynamics of modes akin to IW or SDW
and introducing (probably imaginary) corrections to the frequen-
cies ωi and ωp, which are ∼ f , rather than ∼ f1/2 as for the RDI
growth rate.
The set of full equations (11-14) yields the following equa-
tions for modes of linear gas-dust perturbations provided that the
stationary solution is given by eqs. (86-89)
−iωuˆx − 2Ω0uˆy + Fx = −ikxWˆ − fgxδˆ, (90)
−iωuˆy + κ
2
2Ω0
uˆx + Fy = 0, (91)
−iωuˆz + Fz = −ikzWˆ , (92)
−iωvˆx−2Ω0vˆy− ikxtsgxuˆx+Gx = ikxWˆ +fgxδˆ− vˆx
ts
, (93)
−iωvˆy+ κ
2
2Ω0
vˆx− ikxtsgxuˆy+Gy = −ftsgx κ
2
2Ω0
δˆ− vˆy
ts
, (94)
−iωvˆz − ikxtsgxuˆz +Gz = ikzWˆ − vˆz
ts
, (95)
kxuˆx + kzuˆz = f(kxvˆx + kzvˆz)− ftsgxkxδˆ, (96)
−fωδˆ + kxuˆx + kzuˆz = 0, (97)
where it is assumed that f ≪ 1, the terms ∼ f2 have been omitted
and
F ≡ fVxikx(δˆV + 2vˆ) (98)
G ≡ 1
(1 + f)2
Vxikx(vˆ− fδˆV). (99)
The further derivation proceeds along the lines which lead to
eqs. (31-34). That is, the coupling term is a product of combinations
of terms containing δˆ in eqs. (90-92) and the term containing uˆy in
eq. (97), after the latter has been rearranged with the help of eqs.
(93-96).
First, the components of perturbation of the relative velocity
can be represented in the following way
vˆx ≈ ts [2Ω0 k
2
x
k2
uˆy−iωpuˆx](1+itsω−itsωp)−2iΩ0t2sωpuˆy+O(fδˆ),
(100)
vˆz ≈ ts [2Ω0 kxkz
k2
uˆy−iωpuˆz](1+itsω−itsωp)+O(fδˆ), (101)
where it is assumed that
ωp = −tsgxkx (102)
and the higher order terms ∼ τ 3 have been omitted. Therefore, for
purpose of this Section the term containing v in eq. (98) can be
omitted hereafter. Eqs. (100-101) are substituted into eq. (96), so
the second terms in square brackets of eqs. (100-101) yield together
a single term∼ O(f) which is also omitted in the new equation for
δˆ.
At last, the set of eqs. (90-97) is rearranged as the following
−iωφˆ− ωkxuˆz + 2Ω0 ˆ̟ = −ifgxkz(1− itsωp)δˆ, (103)
−iω ˆ̟ − κ
2
2Ω0
φˆ = 0, (104)
ωkx ˆ̟ − κ
2
2Ω0
k2z uˆz = −fkzω κ
2
2Ω0
δˆ, (105)
(ω − ωp)kz δˆ − 2τ (1 + itsω − 2itsωp) ikx ˆ̟ = 0. (106)
Eqs. (103-106) lead to the reduced dispersion equation
Dg(ω,k) ·Dp(ω,k) = ǫ˜(ω,k), (107)
where
ǫ˜ ≡ −tsfκ2kxgx k
2
z
k2
(1 + itsω − 2itsωp)
(
1 +
ikxω
2
gxk2z
− itsωp
)
(108)
and it is assumed that ωp is given by equation (102). Clearly, ǫ˜→ ǫ
in the leading order in τ .
In turns out that in the vicinity of resonance (85) the solution
of equation (108) is in a good agreement with the solution of the
full dispersion equation derived from equations (90-97), see Fig. 1
of SH.
The approximate solution of eq. (49) at the mode crossing of
IW and SDW given by eq. (55) with the replacement ǫ → ǫ˜|ωc
applied to equation (107) yields
∆ ≈ ±κ
(
f
2
)1/2
kz
k
[
1 + i
tsκ
2
kz
k
(
2 +
k2x
k2z
)]
, (109)
where the resonance condition (85) is used. Eq. (109) recovers the
result of SH, see their equation (5.10).
Consideration of RDI of radially streaming dust reveals that
the underlying mechanism goes beyond the concept of the mode
coupling. In this situation, RDI is caused by a quasi-resonant pro-
cess manifested in the growth/damping of the uncoupled modes
both having positive energy and slightly different phase velocities
at the mode crossing. Moreover, as the dust fraction increases, the
growth rate increases along with the degree of the decoupling be-
tween IW and SDW, see eq. (109). At the same time, such a mecha-
nism is generally weaker than the mode coupling as it emerges due
to inertia of solids represented by the next-order terms in τ entering
an augmented coupling term (108).
5 CONCLUSIONS
This study is focused on the nature of local instability of gas-dust
mixture with dust streaming in protoplanetary disc. Previously, SH
revealed that in the leading order in small f axisymmetric pertur-
bations grow due to RDI, which provides the growth rate ∝ f1/2.
Here RDI is reconsidered in terms of perturbations of the center-of-
mass velocity and the relative velocity of gas-dust mixture as well
as perturbation of dust density. This allows for the analysis of RDI
within TVA. The dynamics of modes of perturbations is considered
in the general case of dust settling combined with dust radial drift
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see eqs. (31-34). The usefull framework of the Lagrangian pertur-
bation theory for neutral modes of perturbations is applied to two-
fluid model in order to show the existence of negative energy waves
in such a flow from fundamental symmetry of the system with re-
spect to translations in time, see eq. (48). Generally, the negative
energy wave is akin to SDW, while it becomes identical to SDW in
the absence of dust back reaction on gas, which is reproduced by
the formal limit f → 0. The energy of SDW is given by eq. (47). In
the particular case of the dust settling without radial drift, there is
a straightforward generalisation of variational principle onto arbi-
trary linear gas-dust perturbations, which makes it possible to show
that the energy of growing/damping modes vanishes, see the Ap-
pendix B.
The dispersion equation (49) for gas-dust perturbations with
the account for dust back reaction on gas is reduced to form typical
for systems with the mode coupling. In the absence of the coupling
term the dispersion equation splits into two independent equations
describing one SDW and two oppositely propagating IW, respec-
tively. As the dispersion curve of SDW crosses the dispersion curve
of IW, the modes fall in resonance, and the corresponding point of
phase space is referred to as the mode crossing. There can be up to
four mode crossings for the given free parameters of the model, see
Fig. 2. The formal classification of mode crossings is suggested in
table 1. Their existence in phase space is outlined in table 2. Type-
I crossing occurs for any combination of settling and radial drift,
though in the limited range of wavenumbers. Type-II crossing oc-
curs in the limited range of wavenumbers, but for the substantial
settling only. Type-III crossing occurs for the substantial settling
only, but at sufficiently high wavenumbers. Type-III′ crossing re-
places type-III crossing as radial drift of the dust dominates its set-
tling. At last, type-IV crossing occurs for all wavenumbers each
time there is a radial drift of the dust. In the marginal case of dust
streaming only vertically there are type-I,II crossings identical to
each other, whereas, in the marginal case of dust streaming only
radially there are type-I,IV crossings identical to each other.
The definite criterion for the existence of SI, i.e. RDI in the
presence of the dust settling, at the given mode crossing is for-
mulated in Section 3.5: the energy of SDW evaluated at the mode
crossing must be negative. In the opposite case of the positive en-
ergy of SDW, the avoided crossing occurs, which gives no insta-
bility within TVA. The avoided crossing takes place for type-IV
crossing and also for type-I crossing in the case of a sufficient ra-
dial drift of solids, see the conditions (66-67). In other situations
the mode crossing provides SI. SI occurs due to the energy transfer
from (negative energy) SDW to (positive energy) IW in the vicin-
ity of the corresponding mode crossing. The coupled modes are
represented by the complex conjugate pair of frequencies obtained
from the accurate solution of the dispersion equation, see Figs. (1,3-
6). The band of instability expands in the space of wavevectors as
the coupling term in the dispersion equation, which is proportional
to the dust mass fraction, becomes larger. SI attains the maximum
growth rate approximately at the mode crossing. It is estimated ana-
lytically employing the usual mode coupling approach, see eq. (55).
Eq. (55) also indicates that within TVA the correction to the mode
frequency due to the dust back reaction on gas is generally inde-
pendent on ts. The latter applies to both the mode coupling and the
avoided crossing.
The branch of SI having an unbounded asymptotics of growth
rate at high wavenumbers is provided by mode coupling at type-
III(′) crossing. The corresponding analytical estimate of maximum
growth rate is given by eq. (71). Note that it is determined solely
by the rate of vertical settling ∼ tsgz despite the presence of ra-
dial drift necessary for the very existence of the considered mode
coupling. Also, this branch of SI takes place for wavenumbers of
different signs, i.e. either for kz > 0 and kx < 0, or for kz < 0
and kx > 0. Further, as far as k increases for constant dust frac-
tion, the distance between type-III and type-IV crossings in phase
space tends to a constant value, whereas the absolute value of the
coupling term grows up. Eventually, the ordinary coupling between
SDW and one of IW is replaced by the triple coupling between
SDW and the both of IW, see Section 3.11 for details. As a result,
the growth rate acquires a different dependence on the dust fraction,
∝ f1/2→1/3. The triple mode coupling yields eq. (78) for estima-
tion of the maximum growth rate, which recovers the result of SH.
Note that unlike eq. (71) it explicitly depends on both components
of gravitational acceleration.
For the absolute value of radial wavenumber even higher than
that of type-III,IV crossings, an additional branch of instability
emerges, see Section 3.12 for details. For the sufficiently high dust
fraction it is attached to the band of instability provided by the
mode coupling at type-III crossing, see the curve marked ‘3’ on the
bottom panel of Fig. 7. As is shown in Fig. 8, the new instability
appears in the region where two low-frequency oppositely propa-
gating IW coalesce with each other, while their phase velocity van-
ishes. As in the case of the mode coupling, the dust back reaction
on gas, which introduces the coupling term of the dispersion equa-
tion, is responsible for this new process. However, the underlying
mechanism of growth is different, since the coalesced modes have
positive energy and there is no resonance between the modes in the
limit f → 0. Nevertheless, the low-frequency IW approach each
other in phase space as |kx| → ∞, while the growth rate of new
instability∝ f1/2, see eq. (83). By these reasons, in this study it is
referred to as quasi-resonant instability of bonding IW. The upper
limit of the bonding instability estimated by eq. (84) confirms that
this instability is important along with SI in the situation when the
settling of the dust dominates its radial drift.
The short wavelengths typical for both the triple mode cou-
pling and the bonding instability are susceptible to dissipation ef-
fects in a disc. The influence of effective viscosity of gas on these
branches of instability should be considered in the future work in
order to understand their relevance for structure formation in real
protoplanetary discs. Besides, moderate dissipation may not neces-
sarily lead to damping of high-wavenumber SI. In contrast, it may
cause an additional non-resonant growth of negative energy mode
akin to SDW. This issue will be addressed in the subsequent stud-
ies.
In the limit of the dust streaming only radially, gx ≫ gz , or
equivalently gz → 0, SI ceases to operate. The growth rate due to
the mode coupling produced by type-I crossing vanishes according
to eq. (68), while the mode coupling produced by type-III(′) cross-
ing shifts towards k → ∞ to be suppressed by any small amount
of viscosity, see eqs. (70), (71) and (78). Strictly for gz = 0, there
exist type-I and type-IV crossings identical to each other, which
produce the avoided crossings with the account for dust back reac-
tion on gas. Thus, there is no RDI within TVA when dust is sub-
ject only to radial drift. RDI is recovered by retaining the terms of
the orders of τ∗,
√
λ−1 and λ−1 from the full equations (11-12),
which contribute to the coupling term of the dispersion equation,
see eqs. (107-108). It turns out that in the vicinity of resonance be-
tween SDW and IW all those terms yield the imaginary correction
∼ O(τ ) to the coupling term. Therefore, the two separate branches
of neutral modes representing the avoided crossing acquire small
growing/damping. In this way, it becomes clear that the streaming
instability of Youdin & Goodman (2005) is provided by resonant
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mechanism other than the mode coupling responsible for SI. This
new mechanism remains obscured. Though, it should be related to
the inertia of solids, because the latter is exactly what is neglected
in TVA. Also, its relationship with the inertia of solids naturally ex-
plains the increase of the growth rate with the size of the particles.
The dispersion equation obtained beyond TVA, see eq. (107),
is a reduced one, since the corrections ∼ O(f) to the disper-
sion relations of IW and SDW given, respectively, by Dg and Dp,
have been omitted there. However, as shows the analytical study of
Jacquet et al. (2011), the modes can exhibit an intrinsic growth due
to non-resonant mechanisms. This is especially probable for neg-
ative energy SDW, what remains to be checked further. The non-
resonant growth may be important as f → 1.
The relevance of the streaming instability to planetesimal for-
mation has being extensively studied via local simulations of the
non-linear dynamics of perturbations in dust-laden disc midplane,
see the recent results by Yang et al. (2017). Although the numerical
models usually incorporate the dust settling, SI has not been found
so far, see the discussion by Squire & Hopkins (2018a). Besides, SI
might be less sensitive to external turbulence inherent in astrophysi-
cal discs, see the recent numerical study of the dust settling through
turbulent gas by Lin (2019). At last, it is highly likely that the other
RDI revealed by Squire & Hopkins (2018a) are caused by coupling
of SDW with waves of the other origin, such as sound waves and
internal gravity waves ubiquitous in protoplanetary discs. These is-
sues are relegated to future work.
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APPENDIX A: EQUATIONS FOR PERTURBATIONS IN
TVA
The perturbed state of gas-dust mixture can be described by the
small Eulerian perturbations of the centre-of-mass velocity, u, the
relative velocity, v, the gas pressure, p′, and the density of dust, ρ′p.
Those quantities obey the corresponding linear equations
(∂t − qΩ0x∂y)u− 2Ω0uyex + (2− q)Ω0uxey+
(u∇)U+ (U∇)u = −∇p
′
ρ
+
∇(p+ p0)
ρ
ρ′p
ρ
,
(A1)
∇p′
ρ
− ∇(p+ p0)
ρ
ρ′p
ρ
=
v
ts
, (A2)
∇ ·
(
u− ρp
ρ
v − ρg
ρ
ρ′p
ρ
V
)
= 0, (A3)
(∂t − qΩ0x∂y) ρ′p +∇(ρ′pU+ ρu) = 0. (A4)
The set of eqs. (A1-A4) describes the evolution of gas-dust
perturbations for any stationary solution of eqs. (18), (19), (13) and
(14) on the length-scales much shorter than the scaleheight of a thin
protoplanetary disc. Eqs. (A1-A4) become much more simple for
the particular background model considered in Section 3.1.
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Once the background model is specified by eqs. (22-25), one
arrives at the following equations for perturbations
(∂t − qΩ0x∂y)u− 2Ω0uyex + (2− q)Ω0uxey =
−∇W + f
1 + f
δg,
(A5)
(∂t − qΩ0x∂y) δ = −ts∇2W − 1− f
1 + f
ts(g∇)δ, (A6)
∇ · u = tsf
1 + f
∇2W + tsf 1− f
(1 + f)2
(g∇)δ, (A7)
where W ≡ p′/ρ and the relative perturbation of the dust density
δ ≡ ρ′p/ρp. Note that eqs. (A5-A7) are valid for f not necessarily
of the small value.
A1 Equations for axisymmetric perturbations in the leading
order in small dust fraction
Let additionally the dust fraction be small f ≪ 1 and perturbations
have axial symmetry. Eqs. (A5-A7) yield
∂tux − 2Ω0uy = −∂xW − fgxδ, (A8)
∂tuy + (2− q)Ω0ux = 0, (A9)
∂tuz = −∂zW − fgzδ, (A10)
∂tδ = −ts(∂2xx + ∂2zz)W + ts(gz∂zδ + gx∂xδ), (A11)
∂xux + ∂zuz = 0. (A12)
Hence, in this the most simple case the small gas-dust per-
turbations of dust streaming through the static gas environment
both vertically and radially are described by eqs. (A8-A10, A12)
for perturbation of the centre-of-mass velocity, u. These equations
are identical to equations for single-fluid dynamics of vortical per-
turbations in a rotating plane shear flow, see e.g. equations (6-9)
of Umurhan & Regev (2004) with ∂y = 0, except for the terms in
the RHS of eqs. (A8) and (A10) proportional to perturbation of the
dust density. At the same time, perturbation of the dust density is
the only quantity that additionally describes the dynamics of dust
by means of eq. (A11). The perturbed flow of dust is affected by
gas through the term∝ ∇2W in the RHS of eq. (A11). In the limit
f → 0 the set of eqs. (A8-A12) splits into eqs. (A8-A10, A12),
which determine the dynamics of solely the gas perturbations with
u becoming identical to the velocity of gas, and eq. (A11), which
separately determines the dynamics of dust perturbations. In the
latter situation, solids move passively under the action of external
gravity and aerodynamic drag. If additionally ts → 0, both the
background relative velocity and the perturbation of relative veloc-
ity vanish, which results in the conservation of the density of dust
frozen in the divergence-free motion of gas.
The main results of this paper come out from eqs. (A8-A12).
A2 Equations for perturbations in the appropriate variables
It is appropriate to reformulate eqs. (A8-A12) in terms of the vari-
ables
χ ≡ {̟, φ, uz, δ}. (A13)
It is assumed that components of χ have non-zero derivatives
over t, x, z, which are denoted below as ∂kχi. The usual Einstein’s
rule of summation over the repeated upper and lower indices is
assumed as well.
First, taking the curl of eqs. (A8-A10) yields the following
∂2tzux − ∂2txuz = 2Ω0∂zuy + f(gz∂xδ − gx∂zδ), (A14)
−∂2tzuy = (2− q)Ω0∂zux, (A15)
∂2txuy = (2− q)Ω0∂zuz. (A16)
Note that eqs. (A14-A16) are identical to equations describ-
ing IW in rigidly rotating fluid provided that q = f = 0, see e.g.
Landau & Lifshitz (1987), paragraph 14. The LHS of eqs. (A14-
A16) are the time derivatives of components of vorticity perturba-
tion6.
Next, the divergence of eqs. (A8-A10) yields
(∂2xx + ∂
2
zz)W = 2Ω0∂xuy − f(gx∂xδ + gz∂zδ). (A17)
Taking additional derivatives over z from equations (A11),
(A17), (A16) and employing eq. (A12) one comes to the final set
of equations for the new variables
∂tφ = ∂
2
txuz − 2Ω0̟ + f(gz∂xδ − gx∂zδ), (A18)
∂t̟ =
κ2
2Ω0
φ, (A19)
∂2tx̟ = − κ
2
2Ω0
∂2zzuz, (A20)
∂2tzδ = ts(gz∂
2
zzδ + gx∂
2
xzδ) + 2τ∂x̟, (A21)
where the term ∝ fts has been neglected in eq. (A21).
APPENDIX B: VARIATIONAL PRINCIPLE FOR
DYNAMICS OF GENERAL GAS-DUST PERTURBATIONS
IN THE CASE OF THE DUST VERTICAL SETTLING
The set of eqs. (A18-A21) for gx = 0 can be derived from the
requirement that action
S =
∫
L(χi, ∂kχi)d2x dt (B1)
with the Lagrangian density
L = L0 + fL1 (B2)
6 In this work vorticity is a curl of the center-of-mass velocity of gas-dust
mixture rather than a curl of the velocity of gas
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be stationary with respect to arbitrary variations of χi in the small
shearing box. Similar to the variational principle for modes, see
eq. (36), the subscript ‘0’ denotes the contribution to the full La-
grangian responsible for the dynamics of gas-dust perturbations
with no account for the drag force acting on gas, while the sub-
script ‘1’ denotes additional contribution to L responsible solely
for the dynamics of dust. If so, eqs. (A18-A21) are identical to the
Euler-Lagrange equations
δL
δχi
− ∂k
(
δL
δ(∂kχi)
)
= 0,
where explicitly
L0 = −̟∂tφ− ∂tuz∂x̟ − Ω0̟2 − κ
2
2Ω0
φ2
2
− κ
2
2Ω0
(∂zuz)
2
2
,
(B3)
L1 = gz
{
̟∂xδ − 1
2Ω0
[
∂tδ∂zδ
2ts
− gz (∂zδ)
2
2
]}
. (B4)
The first term in L1 is the generalized cross-term, cf. eq. (39). Like
the Lagrangian (37), L is known up to an arbitrary constant factor
chosen so that the energy of IW propagating in rigidly rotating fluid
be positive.
B1 Energy of general gas-dust perturbations
The energy of general perturbations associated with the invariance
of L with respect to translations in time is E ≡ ∫ Ed2x, where
E = −L+ δL
δ(∂tχi)
∂tχi
is the energy density. Similar to the energy density of mode (45), it
consists of the main part recovering the energy density of general
gas perturbations in rotating flow in the absence of dust, and addi-
tional contribution related to general perturbations of dust density
E = E0 + fE1. (B5)
Explicitly,
E0 = Ω0̟2 + κ
2
2Ω0
φ2
2
+
κ2
2Ω0
(∂zuz)
2
2
, (B6)
E1 = −gz
{
̟∂xδ +
gz
2Ω0
(∂zδ)
2
2
}
. (B7)
It is straightforward to check that eqs. (A18-A21) guarantee
that ∂tE can be represented as the divergence of vector, which is
identified with the energy flux vanishing along with perturbations
χi as one goes to infinity. E0 is of course a positive definite quantity
in centrifugally stable flows, while E1 can have any sign depending
on the contribution of the cross term. However, the net contribu-
tion of the cross term to E can be small or even vanish for certain
non-trivial perturbations, i.e. for modes, see eq. (45). Then, owing
to perturbations of dust density, E1 gives negative amount to the
energy for the case gx = 0 considered here.
B2 Energy of growing mode
In order to obtain expression for the energy density of mode, which
is not necessarily neutral, ℜ[χi] is substituted into eq. (B5) and
subsequently averaged over the wavelength of mode. Eqs. (31-34)
provide the following result
Eˆ = | ˆ̟ |2e2ℑ[ω]t
{
1 +
(ℜ[ω])2 + (ℑ[ω])2
κ2
k2
k2z
+
fgzk
2
x
(ℜ[ω] + tsgzkz)2 + (ℑ[ω])2
[
2ts
kz
(ℜ[ω] + tsgzkz)− gzt2s
]}
,
(B8)
where k2 ≡ k2x + k2z .
In this way, one obtains the averaged energy density of the
mode of gas-dust mixture perturbations for a particular wavevector
k, provided that its (complex) frequency is known, i.e. there is a
solution of a dispersion equation.
B2.1 Approximate solution at the mode crossing and the vanish
of the mode energy
Eq. (49) is cubic with respect to ω. Seeking the Cardano solution
of eq. (49) for gx = 0 at the mode crossing (57) one finds that the
discriminant
Q =
8
27
fκ6
k2xk
4
z
k6
(
1 +
27
32
f
k2x
k2z
)
vanishes for f = 0, and eq. (49) acquires a double root. Then,
any small non-zero f > 0 makes Q be a positive value, which
implies that a double root of eq. (49) acquires the adjoint couple of
imaginary parts, i.e. the instability sets on in some band around the
mode crossing.
In the case of small non-zero f > 0 the Taylor expansion of
the Cardano solution of eq. (49) by the orders of f1/2 at the mode
crossing yields the following approximate real and imaginary parts
of the frequency
ℜ[ω]
ωc
= 1 +
f
8
k2x
k2z
, (B9)
ℑ[ω]
ωc
= ±
(
f
2
)1/2
kx
kz
(
1− 5f
64
k2x
k2z
)
. (B10)
Note that eq. (B10) recovers eq. (58) in the leading order in f1/2.
It is straightforward to check that expressions (B9) and (B10) make
Eˆ as given by eq. (B8) vanish for any small f > 0.
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